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SUMMARY 

High Rayleigh number convection in a rectangular cavity with insulated 
horizontal surfaces and differentially heated vertical walls has been analyzed 

co for an arbitrary aspect ratio smaller than or equal to unity. Unlike previous 
r-3 co analytical studies, a systematic method of solution based on linearization 
w The pre- 
I 

M technique and analytical iteration procedure has been developed to obtain 
approximate closed-form solutions for a wide range of aspect ratios. 
dicted velocity and temperature fields are shown to be in excellent agreement 
with available experimental and numerical data. 

INTRODUCTION 

It has long been recognized that the growth of crystals is affected by 
the fluid dynamics and heat transport characteristics of the process. 
caused by natural convection has profound influence on the interface shape, 
defect density, and crystal integrity. As pointed out by Ostrach (ref. l ) ,  
high Rayleigh number natural convection flows could still exist under typical 
conditions in a reduced gravity environment, thereby influencing the growth o f  
crystals. It is, therefore, important to understand the detailed mechanism of 
convection and flow behavior in order to produce high quality crystals in both 
ground- and space-based systems. 

The flow 

A configuration containing all the essential physics describing the gen- 
eral flow behavior and transport processes related to crystal growth techniques 
is that o f  a rectangular enclosure heated from the side (ref. 2 ) .  It is irnpor- 
tant to note that a central problem inherent to all confined convection situa- 
tions is that the outer (core) flow region can not be predicted a priori and 
depends on the boundary layer which, in turn, is influenced by the core 
(ref. 3 ) .  This coupling of the boundary layer and the core region constitutes 
the main source of difficulty in studying the flow behavior. This matter is 
not merely a subtlety for analysis but has equal significance for numerical 
and experimental studies. Because of the complex nature of the problem, numer- 
ical and experimental studies must be performed with a high degree o f  accu- 
racy. Often a prior knowledge of flow behavior such as the extent of boundary 
layers or location of secondary cells can improve the numerical and experimen- 
tal studies by allowing the choice of proper mesh sizes and finer measurement 
techniques. It is therefore apparent that an analytical treatment of this 
problem, in particular for high Rayleigh number cases where the boundary layers 
develop, is of considerable importance. Such a treatment (especially if a 
closed-form solution can be obtained) could greatly enhance the understanding 
and predict the underlying physics of the problem. However, as stated by 
Ostrach (ref. 31 ,  most available analytical studies contain unrealistic assump- 
tions and estimates regarding the core configuration which result in solutions 



w i t h  l i m i t e d  or undef ined v a l i d i t y .  Moreover ,  because of s p e c i a l  assumpt ions 
used i n  a n a l y z i n g  each p a r t i c u l a r  p rob lem,  t h e r e  seems t o  be a l a c k  o f  cohe- 
s iveness  and s y s t e m a t i c  approach i n  t r e a t i n g  t h i s  t y p e  o f  problem. 

T i c h y  ( r e f .  4 )  p r e s e n t s  a b r i e f  summary o f  r e c e n t  work done on  h i g h  
R a y l e i g h  number c o n v e c t i o n  i n  low a s p e c t  r a t i o  c a v i t i e s .  He, h i m s e l f ,  o b t a i n e d  
a n a l y t i c a l - n u m e r i c a l  s o l u t i o n s  for t h e  low a s p e c t  r a t i o  e n c l o s u r e s .  U n l i k e  
most o f  t h e  p r e v i o u s  a n a l y t i c a l  s t u d i e s  wh ich  c o n c e n t r a t e  on t h e  p r e d i c t i o n  o f  
an average N u s s e l t  number, T i c h y ' s  work d e a l s  w i t h  t h e  c o n s i d e r a b l y  more com- 
p l e x  t a s k  o f  d e t e r m i n i n g  t h e  d e t a i l e d  b e h a v i o r  of t h e  f low and t e m p e r a t u r e  
f i e l d s .  He assumes n e a r l y  p a r a l l e l  c o r e  f low w i t h  an a s p e c t  r a t i o  E < <  1 .  
H i s  p r e d i c t e d  v e l o c i t i e s  agree r e a s o n a b l y  w e l l  near  c e n t e r l i n e  r e g i o n s .  I n  
r e g i o n s  away from t h e  c e n t e r l i n e ,  t h e  v e l o c i t i e s  become l e s s  a c c u r a t e  and t h e  
n o - s l i p  c o n d i t i o n  o n  v e r t i c a l  w a l l s  i s  no  l o n g e r  s a t i s f i e d .  R e s u l t s  o f  o t h e r  
r e c e n t  i n v e s t i g a t i o n s  i n c l u d e  v e l o c i t y  f i e l d  p r e d i c t i o n  f o r  E = 1 by  Reddy 
e t  a l .  ( r e f .  5 )  f o r  wh ich  t h e y  use a n u m e r i c a l  p e n a l t y  f i n i t e  e lement  method 
of c a l c u l a t i o n ,  and t h e  r e c e n t  work b y  Kamotani e t  a l .  ( r e f .  6 )  i n  which exper-  
i m e n t a l  d a t a  f o r  N u s s e l t  numbers a r e  o b t a i n e d  for a wide range o f  i m p o r t a n t  
parameters .  

To t h e  b e s t  of t h e  a u t h o r ' s  knowledge t h e r e  has n o t  y e t  been an a n a l y t i c a l  
i n v e s t i g a t i o n  for h i g h  R a y l e i g h  number n a t u r a l  c o n v e c t i o n  flows f o r  an a r b i -  
t r a r y  a s p e c t  r a t i o  ( 0  < E 5 1 ) .  Most o f  t h e  r e p o r t e d  work has been done on  
v e r y  low a s p e c t  r a t i o  e n c l o s u r e s  and o n l y  a few of t h e s e  s t u d i e s  a r e  concerned 
w i t h  p r e d i c t i o n  o f  v e l o c i t y  f i e l d s .  Moreover ,  as ment ioned e a r l i e r ,  t h e s e  con- 
t a i n  many ad  hoc assumpt ions  c o n c e r n i n g  t h e  n a t u r e  of t h e  c o r e  f l ow ,  t h e r e b y  
l i m i t i n g  t h e  v a l i d i t y  of s o l u t i o n s .  I t  i s  t h e  purpose of t h i s  s t u d y  t o  d e v e l o p  
an a p p r o x i m a t e  b u t  s y s t e m a t i c  a n a l y t i c a l  method of s o l u t i o n  p r e d i c t i n g  t h e  
v e l o c i t y  and t e m p e r a t u r e  d i s t r i b u t i o n s  i n  a r e c t a n g u l a r  c a v i t y  w i t h  a r b i t r a r y  
a s p e c t  r a t i o  0 < E 1 for t h e  boundary l a y e r  r e g i o n  where t h e  R a y l e i g h  
number Ra > >  1 .  

I n  t h e  f o l l o w i n g  a n a l y s i s  a c o m b i n a t i o n  o f  a l i n e a r i z i n g  method and an 
a n a l y t i c a l  i t e r a t i o n  p r o c e d u r e  i s  used t o  o b t a i n  approx imate  c l o s e d - f o r m  s o l u -  
t i o n s  t o  t h e  prob lem.  A n a l y t i c a l  i t e r a t i o n  i s  a u s e f u l  t e c h n i q u e  wh ich  does 
n o t  appear  t o  have been f u l l y  u t i l i z e d  i n  f l u i d  mechanics problems such as t h e  
p r e s e n t  one ( r e f .  7 ) .  When i t e r a t i o n  i s  used i n  c o n j u c t i o n  w i t h  a n o t h e r  
approx imate  p r o c e d u r e  such as a l i n e a r i z a t i o n  per formed on t h e  g o v e r n i n g  equa- 
t i o n s ,  i t  l e a d s  to  a p o w e r f u l  b u t  s t r a i g h t f o r w a r d  t e c h n i q u e  f o r  o b t a i n i n g  
a p p r o x i m a t e ,  o f t e n  c losed- fo rm,  s o l u t i o n s  t o  t h e  prob lem.  T h i s  r e p o r t  shows 
t h a t  t h e  s o l u t i o n s  o b t a i n e d  f o r  t h i s  r a t h e r  complex prob lem a r e  i n  e x c e l l e n t  
agreement w i t h  e x i s t i n g  e x p e r i m e n t a l  and n u m e r i c a l  d a t a .  

NOMENCLATURE 
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g 

Gr 

H 

L 

Q 

M 

Nu 

Nur 

Pr 

Ra 

S 

T 

TC 

TO 

Th 

AT 

U 

V 

X 

X 

Y 

Y 

a 

b = Pr-' 

acceleration due to gravity 

Grashof number, Gr = 

height o f  cavity 

width of cavity 

Q = -8.31e-lGr 

M(y> = 0 . 1 3 7 ~  t m 

Nusselt number, (eq. (71)) 

Nusselt number referred t o  in other studies 

Prandtl number, Pr = 

Rayleigh number, Ra = Pr Gr 

Bg ATH3 
2 

V 

-1 I2 

a 

a 
E Q  

s = - -  

temperature 

temperature o f  the cold wall 

temperature o f  the hot wall 

1 To = ?(Th t T ) C 

A T = T  - T  h c  

dimensionless hor,zontal velocity 

dimensionless vertical velocity 

horizontal coordinate 
X dimensionless horizontal coordinate, x = - L 

vertical coordinate 
Y dimensionless vertical coordinate, y = - H 

thermal diffusivity 
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P 

A 

s 

E 

e 

x1 

IJ 

V 

Q 

9 

YR 

7 -1 -114 R = 41.2m E Ra 

boundary-layer thickness for a vertical plate 

boundary-layer thickness 
H aspect ratio, E = - L 

dimensionless temperature, 8 = - 
T - To 

AT 

b3/4Gr-1/4 
3 I J =  

8m 

ki nemati c viscosity 

stream function, (eq. ( 3 ) )  

Q dimensionless stream function, 9 = - 
YR 

-1 12 reference stream function, yR = vGr 

Superscripts: 

stretched coordinates * 

B boundary layer 

C core 

CB core boundary layer 

CC core core 

1 first order approximate solutions 

2 second order approximate solutions 

Subscripts: 

t thermal boundary layer thickness 

1 unit order variables 
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MATHEMATICAL FORMULATION 

F i g u r e  1 shows a schemat ic  d i a g r a m  o f  t h e  p h y s i c a l  system. The l e n g t h  o f  
t h e  r e c t a n g u l a r  c a v i t y  i s  assumed t o  be much l a r g e r  t h a n  t h e  h e i g h t  and t h e  
w i d t h  so t h a t  t h e  p r o b l e m  i s  two-d imens iona l .  The t o p  and b o t t o m  s u r f a c e s  a r e  
t h e r m a l l y  i n s u l a t e d  and t h e  l e f t  and r i g h t  w a l l s  a r e  m a i n t a i n e d  a t  i s o t h e r m a l  
h o t  and c o l d  tempera tures  r e s p e c t i v e l y .  
l a m i n a r ,  and q u a s i - i n c o m p r e s s i b l e .  By q u a s i - i n c o m p r e s s i b i l t y  i t  i s  meant t h a t  
t h e  v a r i a t i o n  i n  d e n s i t y  due t o  t e m p e r a t u r e  d i f f e r e n c e s  a r e  n e g l e c t e d  e x c e p t  
where t h e y  m o d i f y  t h e  body f o r c e  t e r m  i n  t h e  momentum e q u a t i o n .  T h i s  i s  gener-  
a l l y  r e f e r r e d  t o  as Boussinesq a p p r o x i m a t i o n  and has been d i s c u s s e d  i n  a f o r m a l  
way i n  r e f e r e n c e  8. 

The flow f i e l d  i s  assumed t o  be s t e a d y ,  

The s t r e a m - f u n c t i o n  form o f  g o v e r n i n g  e q u a t i o n s  a r e  

and 

+ eyy) = -qxey + qyex 
& q R  

where t h e  s t ream f u n c t i o n  i s  d e f i n e d  by  

( 2 )  

The p r e s s u r e  t e r m  has been e l i m i n a t e d  b y  c r o s s - d i f f e r e n t i a t i o n  o f  t h e  momentum 
e q u a t i o n s .  

The above e q u a t i o n s  a r e  a l s o  n o n d i m e n s i o n a l i z e d  by use o f  t h e  f o l l o w i n g  
v a r  i ab1 es : 

( 4 )  H 
L 

E = -  
T - To 

q = -  
q R  AT  e =  Y y = -  

H 
X 
L x = -  

N o t i c e  t h a t  t h e  r e f e r e n c e  s t ream f u n c t i o n  
d e t e r m i n e d  by  a p r o p e r  f o r c e  b a l a n c e  as a p p r o p r i a t e  t o  t h e  prob lem.  For 
G r  > >  1 ,  P r  - 1 t h e  c o r r e c t  f o r c e  ba lance i s  o b t a i n e d  b y  e q u a t i n g  t h e  c o e f f i -  
c i e n t  o f  i n e r t i a  and buoyancy terms i n  t h e  v o r t i c i t y  e q u a t i o n  ( r e f s .  9 and 10). 
T h i s  y i e l d s  to  t h e  p r o p e r  c h a r a c t e r i s t i c  s t ream f u n c t i o n  g i v e n  by  

qR i s  l e f t  u n s p e c i f i e d  and w i l l  be 

qR = v @  (5) 

By s u b s t i t u t i n g  e q u a t i o n  (5) i n t o  e q u a t i o n s  ( 1 )  and ( 2 )  t h e  f i n a l  form o f  t h e  
system o f  e q u a t i o n s  t o  be s o l v e d  becomes 



.-( E E 4 q x x x x  + 2E 2 q X X Y Y  + +YYYY ) = -yx(E2qxxy + qyyy ) + q y ( E 2 q x x x  + qxyy ) + ex 

x = + -  2 

E (.'exx + eyy) = +,ey + qyex 

( 6 )  

( 7 )  

-1  I 2  a = G r  

b = P r - '  

where 

and 

The boundary c o n d i t i o n s  a r e  

q = q x = 0  

q = q y = o  

1 e = + 7  

e = o  
Y 

a t  

a t  

a t  

a t  

NORMALIZED BOUNDARY LAYER EQUATIONS 

The n o r m a l i z e d  b o u n d a r y - l a y e r  e q u a t i o n s  a r e  d e r i v e d  b y  p r o p e r l y  b a l a n c i n g  
f o r c e s  w i t h i n  t h e  r e g i o n s  where t h e y  a c t .  For P r a n d t l  numbers l a r g e r  t h a n  or 
equal  t o  u n i t y ,  t h e  t h e r m a l  b o u n d a r y - l a y e r  t h i c k n e s s  i s  s m a l l e r  t h a n ,  or a t  
most equa l  to, t h e  momentum b o u n d a r y - l a y e r  t h i c k n e s s .  I n  t h i s  case v i s c o u s  
and bouyant  f o r c e s  can t h e n  be assumed t o  be o f  t h e  same o r d e r  o f  magn i tude 
w i t h i n  t h e  t h e r m a l  b o u n d a r y - l a y e r  r e g i o n  ( r e f s .  1 1  and 1 2 ) .  S t r e t c h i n g  t h e  

c o o r d i n a t e  normal t o  t h e  v e r t i c a l  w a l l  and expand ing  q and 8 i n  a s y m p t o t i c  
B B 

s e r i e s  ( r e f .  9) g i v e s  
1 * x + -  2 x = -  

&t 

B B 
9 = Elql + . 

B B  e = e ,  + .  . . 

S u b s t i t u t i n g  i n t o  g e n e r a l  e q u a t i o n s  ( 6 )  and ( 7 )  and equat  
o f  c o n v e c t i v e  and c o n d u c t i v e  terms as w e l l  as v i s c o u s  and 
mine t h e  unknown parameters  6t and E 1  

ng t h e  c o e f f i c  
buoyancy terms 

(9) 

(10) 

( 1 1 )  

e n t s  
d e t e r -  
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1 14,112 
= Eb -1 I 4  6t  = ERa 

E = P r  -314Gr-1 14 = b  314,112 
1 

and t h e  boundary- layer  e q u a t i o n s  g i v e n  by 

and 
B B B  B B  
e l * *  = -9 lX *e l y  + q l y e l *  

x x  X 

The o u t e r  f low r e g i o n  or c o r e  e q u a t i o n s  a r e  o b t a i n e d  by l e t t i n g  a + 0 i n  
e q u a t i o n s  ( 6 )  and ( 7 ) .  T h i s  g i v e s  

C C C C C 
q x  (“2..xy + qyyy) - Ey(CZUIXXX + qxyy ) = e x  

c c  c c  
q e  - q e  = o  

X Y  Y X  

( 1 2 )  

(13)  

(14)  

( 1 5 )  

( 1 6 )  

(17)  

The system o f  e q u a t i o n s  ( 6 )  and ( 7 )  has now been b r o k e n  i n t o  t h e  boundary-  
l a y e r  and c o r e  e q u a t i o n s  (14)  t o  ( 1 7 ) .  An a n a l y t i c a l  i t e r a t i v e  t e c h n i q u e  i s  
used t o  f i n d  approx imate  s o l u t i o n s  wh ich  s a t i s f y  e q u a t i o n s  (14)  t o  ( 1 7 ) .  I t  
i s  i m p o r t a n t  t o  n o t e  t h a t  i n  an i t e r a t i v e  p rocess  t h e  a c c u r a c y  o f  t h e  s o l u t i o n  
depends on t h e  number o f  i t e r a t i o n s ;  t h e r e f o r e ,  i f a l i m i t e d  number o f  i t e r a -  
t i o n s  a r e  d e s i r e d ,  t h e  c h o i c e  o f  t h e  i n i t i a l  p r o f i l e s  becomes v e r y  i m p o r t a n t .  
Consequent ly ,  i f  t h e  i n i t i a l  p r o f i l e  i s  chosen so t h a t  i t  i s  most c o m p a t i b l e  
w i t h  t h e  p a r t i c u l a r  assumpt ions and p h y s i c s  of t h e  prob lem t h e n  t h e  r e s u l t i n g  
s o l u t i o n  w i l l  be s a t i s f a c t o r y  a f t e r  o n l y  a few i t e r a t i o n s .  I n  t h e  p r e s e n t  
p r o b l e m  t h e  h i g h e s t  t e m p e r a t u r e  changes o c c u r  w i t h i n  t h e  t h e r m a l  boundary-  
l a y e r  r e g i o n  near  t h e  v e r t i c a l  w a l l s .  There fore  t h e  buoyant  f o r c e s  a r e  v e r y  
s t r o n g  w i t h i n  t h a t  r e g i o n ,  whereas i n  t h e  c o r e  r e g i o n  t h e  bouyant  f o r c e s  a r e  
weak because o f  t h e  absence o f  sharp  t e m p e r a t u r e  g r a d i e n t s .  S i n c e  t h e  buoy- 
ancy i s  t h e  main d r i v i n g  f o r c e  h e r e ,  i t  i s  i m p o r t a n t  to  choose an i n i t i a l  p ro-  
f i l e  such t h a t  t h e  change o f  buoyancy i n  t h e  x - d i r e c t i o n  i s  accounted  f o r .  
A c c o r d i n g l y  we l e t  

(18)  1 4 q = C l (x ) (16y  - 8y2 + 1 )  

1 
0 = D O ( x )  + D 1 ( x ) ( 4 y 3  - 3y)  (19)  

These p r o f i l e s  s a t i s f y  t h e  h o r i z o n t a l  w a l l  c o n d i t i o n s  a t  y = 2 112. S u b s t i -  
t u t i n g  e q u a t i o n s  (18)  and (19)  i n t o  e q u a t i o n s  (14)  t o  (17)  y i e l d s  t h e  fol low- 
i n g  e q u a t i o n s :  
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B '  b-3/4Gr1/4C ( 1 6 ~  4 - 8y 2 + 1 )  = b - 1 / 2 G r 1 / 2  { -[C1(16y4 - 8y2 + l)] 
B I " '  

1 

B '  ' B B '  ' ' B '  B '  
[16C1 (4y3 - y) ]  + [16C,(4y3 - y)] [C1 (16y4 - 8y2 + 1 ) ] }  + Do + D1(4y3 - 3y) 

(20) 

B "  B"  
Do + D1 (4y - 3y) = b - 3 1 4 ~ r 1 ' 4 { - [ F i ( ~ 6 y 4  - 8y2 + 111 [3;1(4y2 - i)] 

B B '  B '  
+ [16C1(4y3 -y)] [Do + D1(4y3 - 3y)]/ ( 2 1 )  

l and 

[C1(16y4 C '  - 8y2 + 111 [16e 2c '  C1 ' (4y 3 - y )  + 384Cly] C - [16C1(4y c 3  - y )  

C '  ' ' 4 C '  C '  C '  
[C1 (16y - 8y2 + 1 )  + 16C1(12y2 - l)] = Do + D1(4y3 - 3y) ( 2 2 )  

C '  C '  C C 2 C '  
[C1(16y4 - 8~ + I)] [3D1(4y2 - I)] = [16C1(4y3 - y ) ]  [Do + D1(4y3 - 3y)] 

( 2 3 )  

Note, t h a t  based on t h e  discussion p r e s e n t e d  above, t h e  funct ions C l ( x > ,  
D o ( x > ,  and D l ( x )  
thus accounting f o r  var ied buoyant act ion i n  t h e  x-d i rect ion.  Assuming t h e  
e x i s t e n c e  of an overlap region wherein both t h e  core and t h e  boundary-layer 
expansions remain v a l i d ,  t h e  f o l l ow ing  matching condit ions m u s t  hold ( s e e  
r e f .  9 ) :  

have been broken i n t o  boundary-layer and core contr ibut ions,  

1B 1c 

I n  order t o  solve the nonlinear and coupled boundary-layer and core equations 
( e q s .  (20) t o  (23>>, the fo l l ow ing  boundary-layer p r o f i l e s ,  which s a t i s f y  t h e  
l e f t  w a l l  condi t ions,  are assumed: 

a 



* B 
C 1 = Mb3/4Gr-1/4[1 + ( s i n  m i  - cos m:)emX] 

* 
B 1  * mx Do = 2 cos mxe 

B 

(25)  

(26)  

(27)  

An i d e n t i c a l  p rocedure  can be used for t h e  r i g h t  w a l l .  

The above f u n c t i o n a l  forms a r e  s y s t e m a t i c a l l y  p r e d i c t e d  by u t i l i z i n g  t h e  
w a l l  c o n d i t i o n s ,  a l o n g  w i t h  a l i n e a r i z e d  s o l u t i o n  t o  t h e  n o n l i n e a r  e q u a t i o n s .  
(See r e f .  9 f o r  a d e t a i l e d  d e s c r i p t i o n  of " t h e  m o d i f i e d  Oseen l i n e a r i z a t i o n  
t e c h n i q u e . " )  The unknown c o n s t a n t s  a r e  de termined b y  r e q u i r i n g  t h e  assumed 
p r o f i l e s  (18)  and ( 1 9 )  t o  s a t i s f y  t h e  i n t e g r a l  form of g o v e r n i n g  e q u a t i o n s  i n  
t h e  y - d i r e c t i o n  and a c r o s s  t h e  v e r t i c a l  boundary l a y e r .  The c o r e  r e g i o n  i n  
t h e  x - d i r e c t i o n  s a t i s f i e s  t h e  c o r e  e q u a t i o n s  (16)  and (17)  e x a c t l y .  The c o r e  
and boundary- layer  s t ream f u n c t i o n  and t e m p e r a t u r e  a r e  t h e n  

2 1 B b3/4Gr-1 / 4  * 
+ =  3 1 1  + ( s i n  mx - cos m i )  em'I(4y2 - 1 )  

8m 
(28)  

* m i )  (29)  
1B 
e = 1 emx - 1 .78m4 (I - cos m x e  (4y3  - 3y)  

* 

2 

1 C 
9 =  

b3/4Gr-1 / 4  ( 4 y 2  - 1 )  2 

8m3 
(30)  

(31)  4 1c 
8 = -1.78111 ( 4 y 3  - 3y)  

where m i s  an unknown c o n s t a n t  t o  be de termined l a t e r .  The t o t a l  s t r e a m  
f u n c t i o n  and tempera ture  can be c o n s t r u c t e d  by u s i n g  t h e  c o m p o s i t i o n  r u l e  
( r e f .  13 ) .  We t h e n  o b t a i n  

2 1 b3/4Gr-1 / 4  * 
9 =  3 [i + ( s i n  mx  - cos m i )  em'I(4y2 - 1 )  

8m 
( 3 2 )  

* m:) (33)  
* 1 

8 = emx - 1.78 m4 (1 - cos mxe ( 4 y 3  - 3y)  2 

To e s t i m a t e  m, t h e  boundary- layer  e q u a t i o n  (14)  i s  i n t e g r a t e d  
* * 

from x = 0 t o  x = A / &  a t  y = 0. The b o u n d a r y - l a y e r  t h i c k n e s s  A a t  
y = 0 i s  t a k e n  t o  be t h e  same as t h e  b o u n d a r y - l a y e r  t h i c k n e s s  on a f l a t  p l a t e  
a t  t h a t  l o c a t i o n ,  ( r e f .  14) ;  t h i s  y i e l d s  

m = -0.56 (34)  

9 



Equat ions  ( 2 8 )  t o  ( 3 3 )  a r e  approx imate  s o l u t i o n s  s a t i s f y i n g  t h e  boundary cond i -  
t i o n s  on t h e  w a l l s  and t h e  i n t e g r a l  form o f  g o v e r n i n g  e q u a t i o n s .  A l t h o u g h  i t  
i s  n o t  shown h e r e  ( f o r  b r e v i t y ) ,  t h e  above s o l u t i o n s  p r e d i c t  t h e  average 
N u s s e l t  number and t e m p e r a t u r e  f i e l d  i n  good agreement w i t h  n u m e r i c a l  and 
e x p e r i m e n t a l  d a t a .  Because o f  t h e  averaged n a t u r e  o f  t h e  f i r s t  a p p r o x i m a t i o n ,  
however, t h e  v e l o c i t y  f i e l d s  a r e  o n l y  i n  q u a l i t a t i v e  agreement w i t h  exper imen- 
t a l  and n u m e r i c a l  d a t a .  T h e r e f o r e  i t  seems r e a s o n a b l e  t h a t  a r e f i n e m e n t  o f  
s o l u t i o n s  t h r o u g h  an a n a l y t i c a l  i t e r a t i v e  p rocess  s h o u l d  y i e l d  s o l u t i o n s  i n  
f u l l  agreement w i t h  e x i s t i n g  s t u d i e s .  T h i s  i s  indeed t h e  case as w i l l  be seen 
by comparing t h e  i t e r a t e d  s o l u t i o n s  t o  a v a i l a b l e  d a t a .  
and D i s c u s s i o n . )  

(See s e c t i o n  R e s u l t s  

By p r o c e e d i n g  i n  t h e  same manner as e x p l a i n e d  i n  r e f e r e n c e  7, t h e  a p p r o x i -  
mate r e s u l t s  o b t a i n e d  f o r  t h e  c o r e  s t ream f u n c t i o n  and t e m p e r a t u r e  ( e q s .  (30)  
and ( 3 1 ) )  a r e  u t i l i z e d  i n  t h e  o r i g i n a l  v o r t i c i t y  e q u a t i o n  t o  o b t a i n  a more 

1 P  I P  IL 
a c c u r a t e  c o r e  s o l u t i o n .  The c o r e  v a r i a b l e s  y 

a r e  a f u n c t i o n  o f  y 

can be expec ted  t o  dev 
t h e  new v a r i a b l e s  must 

n l y .  T h e r e f o r e ,  t h e  new 

a t e  o n l y  by a s m a l l  marg 
s a t i s f y  t h e  c o n d i t i o n  

2 c  2 c  2 c  

and (!lL o b t a i n e d  p r e v i o u s l y  
2 c  2c 

c o r e  v a r i a b l e s  y and 8 
1c 1 c  

n from q and 8 . Hence 

2 c  
ae 

< <  ay 
U s i n g  c o n d i t i o n  (35)  i n  t h e  o r i g i n a l  v o r t i c i t y  e q u a t i o n  ( 6 )  r e s u l t s  i n  t h e  
genera l  c o r e  v o r t i c i t y  e q u a t i o n  

- 2 c  2 c  2 c  2 c  2 c  2 c  a - 
E q y y y y  + vx * y y y  - qy v,yy = ex 

(35) 

( 3 6 )  

The c o r e  t e m p e r a t u r e  o b t a i n e d  i n  t h e  f i r s t  a p p r o x i m a t i o n  i s  now s u b s t i t u t e d  i n  
t h e  r i g h t - h a n d  s i d e  o f  e q u a t i o n  (36)  t o  y i e l d  

2 c  2 c  2 c  2 c  2 c  a - 
E yyyyy + qx yyyy - yy yxyy = O 

2 c  
Assuming y = X ( x ) Y ( y > ,  we o b t a i n  

( 3 7 )  

x = Q  ( 3 8 )  

and 

Note t h a t  e q u a t i o n  (39)  has boundary- layer  c h a r a c t e r i s t i c s  ( i . e . ,  as a + 0 
t h e  h i g h e s t  d e r i v a t i v e  t e r m  v a n i s h e s ) ;  hence a l l  boundary c o n d i t i o n s  on h o r i -  
z o n t a l  w a l l s  cannot  be s a t i s f i e d .  ' E q u a t i o n  ( 3 9 )  can t h e r e f o r e  be broken up 
i n t o  c o r e  and boundary- layer  e q u a t i o n s  

cc C C I I  C C l C C l I  
Y Y - Y  Y = o  

10 

(40) 



and 
,,CB 3CB CB 2CB 

* 
where y i s  t h e  

and s u p e r s c r i p t s  
c o r e "  r e s p e c t i v e  

u s u a l  s t r e t c h e d  c o o r d i n a t e  

1 
y = -  
* 7 - Y  

S 
f o r  y S 0 (42)  

"CB" and "CC" r e f e r  t o  " c o r e  boundary l a y e r "  and " c o r e  
y. The parameter  s s d e f i n e d  

a s = - -  
EQ 

O m i t t i n g  t h e  d e t a i l s ,  i t  can be shown t h a t  e q u a t i o n  ( 4 0 )  has an approx imate  
s o l u t i o n  wh ich  i s  

cc n 

3 y z AlyL + A2y + A 

(43)  

(44)  

The s o l u t i o n  t o  t h e  c o r e  boundary- layer  e q u a t i o n  ( 4 1 )  can be o b t a i n e d  b y  u s i n g  
an i n t e g r a l  method, wh ich  i s  customary f o r  f i n d i n g  approx imate  s o l u t i o n s  t o  
b o u n d a r y - l a y e r  e q u a t i o n s .  A s u i t a b l e  p r o f i l e  t h a t  s a t i s f i e s  t h e  h o r i z o n t a l  
w a l l  c o n d i t i o n s  i s  g i v e n  by 

CB 
Y =  

where C i s  a c o n s t a n t  t o  be de term 
w i l l  l a t e r  be f o r c e d  t o  s a t i s f y  t h e  
c o r e  s t ream f u n c t i o n s  we o b t a i n  

CB 
9 = C < Q  

(45)  

ned l a t e r .  The p r o f i l e  e q u a t i o n  (45)  
n t e g r a l  form o f  e q u a t i o n  ( 4 1 ) .  For t h e  

2 cc 
9 = ( Q x  + l ) ( A I Y  + A2y + A 3 )  

Equat ions  ( 4 6 )  and (47)  must match a t  an i n t e r m e d i a t e  r e g i o n  ( r e f .  13) as 
f o l  lows 

(46) 

(47)  

( 4 8 )  

( 4 9 )  

1 1  



The c o m p o s i t i o n  r u l e  for s t ream f u n c t i o n s  g i v e s  

C CB CC CB 
qJ = qJ + y - qJ ( x , m >  

T h e r e f o r e  t h e  t o t a l  c o r e  s t r e a m  f u n c t i o n  i s  

2c = C(QX + 1 )  [(I - e - i ) z  + hl$] 

( 5 0 )  

(51)  

where X1 i s  a c o n s t a n t  t o  be d e t e r m i n e d .  I t  i s  now necessary  t o  s a t i s f y  t h e  
CB 

c o r e  boundary- layer  e q u a t i o n  ( 4 1 )  b y  on an i n t e g r a l  b a s i s .  I n  a d d i t i o n ,  
t h e  "centro-symmetry"  p r o p e r t y  ( r e f .  10) r e q u i r e s  t h a t  

2c  

Y 
qJ (0,O) = 0 ( 5 2 )  

L L  
I n  t h e  same manner as C o l l a t z  ( r e f .  71,  t h e  v a l u e  o f  q~ a t  x = 0 and 

1 P  
I L  

y = 0 w i l l  be s e t  equal  t o  t h e  v a l u e  of q~ a t  x = 0 and y = 0. The above 
c o n s t r a i n t s  a r e  s u f f i c i e n t  t o  d e t e r m i n e  a l l  c o n s t a n t s  i n  e q u a t i o n  ( 5 1 ) .  These 
are  

where 

, 
l and 

where 

A,= zs(e-11S - e - 1  1 2 s )  

s = 0.12 

b3/4Gr-1/4 

3 A C = A p =  
8m 

From r e l a t i o n  ( 4 3 ) ,  t h e  parameter  Q i s  

8.31 Q = - -  
1 12 

E G r  

T h e r e f o r e  when G r  > >  1 ,  and 01x1 < 112, Qx i s  n e g l i g i b l e  w i t h  r e s p e c t  t o  
u n i t y ,  and we o b t a i n  

q~ 2c = A p  [( 1 - e - G r  + hl:] 

(53)  

(54)  

( 5 5 )  

12 



A more a c c u r a t e  boundary - laye r  v e l o c i t y  can now be o b t a i n e d  by  m o d i f y i n g  
1B 

t h e  boundary - laye r  s o l u t i o n  

ma tch ing  c o n d i t i o n  w i t h  t h e  new c o r e  s t ream f u n c t i o n  
t h a t  i s ,  l e t  

o f  e q u a t i o n  (28)  t o  s a t i s f y  t h e  a s y m p t o t i c  
2c 
y o f  e q u a t i o n  ( 5 5 ) ;  

where t h e  parameter  M i s  an unknown f u n c t i o n  of y t o  be s p e c i f i e d  l a t e r .  
Note t h a t  t h e  co re -boundary - laye r  v e l o c i t y  match ings  a r e  s a t i s f i e d ;  t h a t  i s  

2 8  
9 (",Y) = 9 (57 )  

and 

28 
Also n o t e  t h a t  9 s a t i s f i e s  t h e  h o r i z o n t a l  w a l l  c o n d i t i o n s .  Assuming t h e  

3R 
s i m p l e s t  l i n e a r  p r o f i l e  f o r  M(y> and r e q u i r i n g  t h a t  SIy i s  s a t i s f i e d  by t h e  
i n t e g r a l  form o f  t h e  boundary - laye r  energy  e q u a t i o n  ( 1 5 )  y i e l d s  

M(y> = 0 . 1 3 7 ~  + m ( 5 9 )  

Aga in ,  u s i n g  t h e  compos i te  r u l e  for d e t e r m i n i n g  t h e  t o t a l  s t ream f u n c t i o n ,  we 
o b t a i n  

2 * 
g = Ap (1 + [ s i n [ ( O . l 3 7 y  + m ) x ]  - cos [(0.137y + m > x  

from which  t h e  v e l o c i t i e s  can be d e r i v e d  

( 0 . 1 3 7 ~  + m >  x *1 2 
v = Ap{ - 2(0 '137y  + m, s i n  [ (0.137y + rn);] e 

&t 

(60) 

13  



s i n [ ( O . l 3 7 y  + m);] - cos [ (0 .137y + m > x  
2 

* * 
e ( 0 . 1 3 7 ~  + m ) i l ( e - '  - e2' + hl;) + 0 . 2 7 4 A p I  s i n [ ( 0 . 1 3 7 y  + m ) x ]  

I n  a s i m i l a r  manner, a b e t t e r  a p p r o x i m a t i o n  can be o b t a i n e d  f o r  t h e  c o r e  
2c 

t e m p e r a t u r e .  The new t e m p e r a t u r e  8 must s a t i s f y  t h e  g e n e r a l  c o r e  energy  
e q u a t i o n  g i v e n  by 

2c 2c  2c 2c  2c  
= +  e ab - 

E: eyy y x - +x ey ( 6 3 )  

2 c  
Because o f  h o r i z o n t a l  w a l l  c o n d i t i o n s  imposed on  0 , i t  must be o f  t h e  form 

S u b s t i t u t i n g  e q u a t i o n  ( 6 4 )  i n t o  e q u a t i o n  ( 6 3 )  y i e l d s  

T h i s  n e c e s s i t a t e s  t h a t ,  

fl(x> = c o n s t .  = p 

and hence 

ab 1 1  - y  = p A p  
E 

(66)  

(67)  

U s i n g  t h e  h o r i z o n t a l  w a l l  c o n d i t i o n  and employ ing  t h e  c e n t r a l  symmetry p r o p e r t y  
2c 
0 (0,O) = 0 y i e l d  

14 



1 
Guided b y  t h e  b o u n d a r y - l a y e r  s o l u t i o n  f o r  8, we l e t  

Nu = J’ ex 

* * 28 

dY 

where t h e  core-boundary- layer  m a t c h i n g  c o n d i t i o n s  a r e  sa 

1 1  *3 
3 y  

i s f i e c  

t 

(69)  
2 

o r  e. 

By t h e  c o m p o s i t i o n  p r i n c i p l e ,  t h e  t o t a l  t e m p e r a t u r e  i s  c o n s t r u c t e d  and 
reads 

- 2 + B(x + g) (70)  

D e f i n i n g  t h e  average d i m e n s i o n l e s s  h e a t  t r a n s f e r  c o e f f i c i e n t  a t  t h e  w a l l  by 

(71)  

we t h e n  o b t a i n  

(72)  m 
26 NU = -(1 + b) 

The r e f e r e n c e  N u s s e l t  number used f o r  compar ison purposes can be shown to  be 
r e l a t e d  t o  Nu b y  

and hence 
NU, = ENU (73)  

2c 1c 
To o b t a i n  an e s t i m a t e  f o r  P, we r e q u i r e  t h a t  8y and 8y be of t h e  same 
o r d e r  o f  magn i tude i n  t h e  0 I y 5 112 range (see r e f .  7 ) ;  t h a t  i s ,  

1’2 2c  lI2 1c s,=o ey dy = I,-* eY dY (75)  

T h i s  g i v e s  

7 -114 41.2m Ra 
E 

P =  (76)  
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W i t h  d e t e r m i n a t i o n  of t h e  parameter  13, t h e  s o l u t i o n  t o  t h e  p r o b l e m  i s  
comple te .  The approx imate ,  c l o s e d - f o r m  s o l u t i o n s  d e r i v e d  for t h e  v e l o c i t y  and 
t e m p e r a t u r e  f i e l d s  now can be used c o n v e n i e n t l y  t o  o b t a i n  d e t a i l e d  i n f o r m a t i o n  
about  t h e  f low b e h a v i o r  and h e a t  t r a n s f e r  c h a r a c t e r i s t i c s  o f  t h e  prob lem.  I n  
t h e  n e x t  s e c t i o n  t h e  p r e s e n t  s o l u t i o n s  a r e  c a r e f u l l y  examined and compar isons 
t o  e x i s t i n g  e x p e r i m e n t a l  and n u m e r i c a l  d a t a  a r e  made. 

RESULTS AND DISCUSSION 

I n  o r d e r  t o  t e s t  t h e  v a l i d i t y  and accuracy  o f  t h e  s o l u t i o n s ,  a number o f  
cases were c a l c u l a t e d  t o  e n a b l e  a compar ison w i t h  e s t a b l i s h e d  e x p e r i m e n t a l  and 
n u m e r i c a l  r e s u l t s  o f  o t h e r  i n v e s t i g a t i o n s .  

The v e r t i c a l  and h o r i z o n t a l  v e l o c i t i e s  as g i v e n  by  e q u a t i o n s  ( 6 1 )  and 
( 6 2 )  have been p l o t t e d  and compared t o  s e v e r a l  e x i s t i n g  n u m e r i c a l  and e x p e r i -  
menta l  d a t a  f o r  d i f f e r e n t  v a l u e s  o f  t h e  a s p e c t  r a t i o .  

F i g u r e  2 shows a p l o t  o f  t h e  end v e r t i c a l  v e l o c i t y  p r o f i l e s  f o r  
The p r e s e n t  s o l u t i o n  i n  b o t h  Ra = 3x108, Pr = 1 ,  E = 0.1,  and y = 50.179.  

t h e  y = +0.179 and y = -0.179 r e g i o n s  .agrees v e r y  w e l l  w i t h  n u m e r i c a l  d a t a .  
The f a c t  t h a t  T i c h y ' s  a n a l y t i c a l  s o l u t i o n  does n o t  s a t i s f y  t h e  n o - s l i p  c o n d i -  
t i o n s  a t  v e r t i c a l  w a l l s  e x c e p t  a t  y = 0 i s  p a r t i a l l y  r e s p o n s i b l e  f o r  a l e s s  
q u a n t i t a t i v e  agreement between h i s  a n a l y t i c a l  and n u m e r i c a l  s o l u t i o n s .  Note 
t h a t  i n  t h e  p r e s e n t  s t u d y  a l l  w a l l  c o n d i t i o n s  a r e  s a t i s f i e d .  

F i g u r e  3 compares t h e  p r e s e n t  a n a l y t i c a l  s o l u t i o n s  o f  mid-core  v e l o c i t i e s  
w i t h  T i c h y ' s  n u m e r i c a l  s o l u t i o n s  ( r e f .  4 ) .  The agreement i s  good f o r  a l l  
v e l o c i t i e s .  I t  i s  e s p e c i a l l y  i m p o r t a n t  t o  n o t e  t h a t  t h e  h o r i z o n t a l  boundary- 
l a y e r  c h a r a c t e r  o f  t h e  flow f o r  v e r y  l a r g e  v a l u e s  of R a y l e i g h  numbers i s  
e v i d e n t  b o t h  i n  n u m e r i c a l  and a n a l y t i c a l  s o l u t i o n s .  Because o f  t h e  c e n t r o -  
symmetr ic  p r o p e r t y ,  o n l y  t h e  t o p  p a r t  o f  v e l o c i t i e s  a r e  drawn. The R a y l e i g h  
number ranges from l o 7  t o  109 w i t h  P r  = 1 and E = 0.1. 

I n  f i g u r e  4 t h e  v e r t i c a l  v e l o c i t y  a l o n g  t h e  c e n t e r l i n e  of t h e  e n c l o s u r e  
i s  p l o t t e d  and compared w i t h  n u m e r i c a l  d a t a  of r e f e r e n c e  5 wh ich  were o b t a i n e d  
by  u s i n g  a p e n a l t y  f i n i t e  e lement  method. There i s  good agreement t h r o u g h  t h e  
e n t i r e  r e g i o n .  I n  t h i s  case Ra = 105, Pr = 1 ,  and t h e  a s p e c t  r a t i o  E i s  
equa l  t o  u n i t y  ( i . e . ,  a square c a v i t y ) .  T h i s ,  once a g a i n ,  emphasizes t h e  wide 
range o f  a p p l i c a b i l i t y  of t h e  p r e s e n t  s o l u t i o n .  

The average w a l l  N u s s e l t  number i s  p l o t t e d  i n  f i g u r e  5 .  A t  v e r y  h i g h  
R a y l e i g h  numbers, Ra - l o 9 ,  t h e  average h e a t  t r a n s f e r  c o e f f i c i e n t  i s  p r a c t i -  
c a l l y  independent  o f  t h e  a s p e c t  r a t i o  E .  For m o d e r a t e l y  h i g h  R a y l e i g h  numbers 
o f  Ra < 109 t h e  impact  o f  t h e  a s p e c t  r a t i o  E becomes more o b v i o u s  however,  
and r e s u l t s  i n  a s p l i t t i n g  o f  t h e  N u s s e l t  number curves  wh ich  c o r r e s p o n d  t o  
low a s p e c t  r a t i o  e n c l o s u r e s  and e n c l o s u r e s  w i t h  a s p e c t  r a t i o s  n e a r  u n i t y .  The 
r e c e n t  exper iments  by Kamotani ,  e t  a l .  ( r e f .  6)  c l e a r l y  s u p p o r t  t h e  c u r r e n t  
p r e d  i c t i on s . 

F i g u r e  6 shows p l o t s  o f  t h e  c o r e  t e m p e r a t u r e  measured a t  t h r e e  d i f f e r e n t  
x - l o c a t i o n s  and f o r  t h e  low a s p e c t  r a t i o  o f  E = 0.0625 ( r e f .  6 ) .  The s o l i d  
l i n e  i s  t h e  c o r e  t e m p e r a t u r e  d i s t r i b u t i o n  d e r i v e d  i n  t h e  p r e s e n t  a n a l y s i s .  
There i s  good agreement between t h e  a n a l y t i c a l  and e x p e r i m e n t a l  t e m p e r a t u r e  
f i e l d s .  
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CONCLUSIONS 

The prob lem o f  h i g h  R a y l e i g h  number n a t u r a l  c o n v e c t i o n  f o r  a r b i t r a r y  
a s p e c t  r a t i o ,  0 < E S 1, has been s o l v e d  a n a l y t i c a l l y .  A c o m b i n a t i o n  o f  a 
l i n e a r i z i n g  method and an a n a l y t i c a l  i t e r a t i o n  t e c h n i q u e  was used. T h i s  combi- 
n a t i o n  o f  t e c h n i q u e s  u l t i m a t e l y  l e d  t o  c losed- form approx imate  s o l u t i o n s  f o r  
v e l o c i t y  and t e m p e r a t u r e  f i e l d s  (eqs .  (611, ( 6 2 ) ,  and ( 7 0 ) ) .  There a r e  two 
major  d i f f e r e n c e s  between t h i s  work and a l l  of t h e  known p r e v i o u s  e f f o r t s ;  one 
i s  t h e  wide range o f  a p p l i c a b i l i t y  f o r  t h e  a s p e c t  r a t i o  ( 0  < E 5 1 > ,  and t h e  
o t h e r  i s  t h e  f a c t  t h a t  t h e  method o f  s o l u t i o n  has been s y s t e m a t i c ,  w i t h  no  a 
p r i o r i  assumpt ions made r e g a r d i n g ,  for  example, t h e  c o r e  c o n f i g u r a t i o n s .  T h i s  
approach i s  e s p e c i a l l y  i m p o r t a n t  f o r  even more c o m p l i c a t e d  problems such as t h e  
s t u d y  o f  m u l t i s p e c i e s  n a t u r a l  c o n v e c t i o n  where c l e a r  e x p e r i m e n t a l  and numer i -  
c a l  

1 .  

2. 

3. 

4 .  

5.  

6 .  

7.  

8.  

9. 

10. 

d a t a  a r e  n o t  a v a i l a b l e  for  use i n  t h e o r e t i c a l  a n a l y s i s .  

REFERENCES 

O s t r a c h ,  S . :  C o n v e c t i o n  Phenomena a t  Reduced G r a v i t y  o f  I m p o r t a n c e  f o r  
M a t e r i a l s  P r o c e s s i n g  i n  Space. M a t e r i a l s  Sc iences  i n  Space W i t h  A p p l i c a t i o n  
t o  Space P r o c e s s i n g ,  L. S teg ,  ed . ,  A I A A ,  1977, pp. 3-32. 

O s t r a c h ,  S . :  F l u i d  Mechanics i n  C r y s t a l  Growth - The 1982 Freeman S c h o l a r  
L e c t u r e .  J .  F l u i d s  Eng., vol. 105, no. 1 ,  Mar.  1983, pp .  5-20. 

O s t r a c h ,  S . :  N a t u r a l  C o n v e c t i o n  Heat  Trans fer  i n  C a v i t i e s  and C e l l s .  Heat  
T r a n s f e r  1982, Vol. I, U. G r i g u l l ,  e t  a l . ,  e d s . ,  Hemisphere P u b l i s h i n g  Co., 
1982, pp.  365-379. 

T i c h y ,  J . ;  and G a d g i l ,  A . :  H igh  R a y l e i g h  Number Laminar  C o n v e c t i o n  i n  Low 
Aspect  R a t i o  E n c l o s u r e s  w i t h  A d i a b a t i c  H o r i z o n t a l  W a l l s  and D i f f e r e n t i a l l y  
Heated V e r t i c a l  W a l l s .  J .  Heat Trans . ,  v o l .  104, no .  1 ,  Feb. 1982, 
pp.  103-110. 

Reddy, J.N.; and Satake,  A . :  A Comparison o f  a P e n a l t y  F i n i t e  E lement  
Model w i t h  t h e  Stream F u n c t i o n - V o r t i c i t y  Model of N a t u r a l  C o n v e c t i o n  i n  
E n c l o s u r e s .  J .  Heat  T r a n s . ,  vol. 102, no. 4, Nov. 1980, pp. 659-666. 

Kamotani ,  Y . ;  O s t r a c h ,  S . ;  and Hang, L.W.: Exper iments  on  N a t u r a l  Convec- 
t i o n  Heat T r a n s f e r  i n  Low Aspect  R a t i o  E n c l o s u r e s .  A I A A  J . ,  v o l .  21, 
no. 2 ,  Feb. 1983, pp .  290-294. 

C o l l a t z ,  L . :  The Numer ica l  Treatment  o f  D i f f e r e n t i a l  E q u a t i o n s .  3 r d  e d i -  
t i o n ,  S p r i n g e r - V e r l a g ,  1960. 

O s t r a c h ,  S . :  Laminar  Flows w i t h  Body Forces .  Theory o f  Laminar  F lows,  
High-speed Aerodynamics and J e t  P r o p u l s i o n ,  Vol. 4, F . K .  Moore, ed . ,  
P r i n c e t o n  U n i v e r s i t y  Press ,  P r i n c e t o n ,  N.J., 1964, S e c t i o n  D. (NASA 
TM X-68960). 

O s t r a c h ,  S . ;  and Hantman, R . G . :  N a t u r a l  C o n v e c t i o n  I n s i d e  A H o r i z o n t a l  
C y l i n d e r .  Chem. Eng. Commun., vol. 9, nos. 1-6, 1981, pp. 213-243. 

Kassemi, S . A . :  Thermal and D o u b l e - D i f f u s i v e  N a t u r a l  C o n v e c t i o n  I n s i d e  A 
H o r i z o n t a l  C y l i n d e r .  Ph.D. Thes is ,  Case Western Reserve U n i v e r s i t y ,  1986. 

17 



11. O s t r a c h ,  S . :  Low-Grav i ty  F l u i d  F l o w s .  Annual Review o f  F l u i d  Mechanics,  
Vol. 14, M. Van Dyke, J .V .  Wehausen, and J .L.  Lumley, eds.,  Annual Reviews 
I n c . ,  P a l o  A l to ,  CA, 1982, p p .  313-345. 

12 .  Braun, W . H . ;  and Heighway, J . E . :  An I n t e g r a l  Method f o r  N a t u r a l - C o n v e c t i o n  
Flows a t  H i g h  and Low P r a n d t l  Numbers. NASA TND-292, 1960. 

13. Van Dyke, M . :  P e r t u r b a t i o n  Methods i n  F l u i d  Mechanics.  Academic Press ,  
1964. 

14. E l d e r ,  J.W.: Laminar  Free  C o n v e c t i o n  I n  A V e r t i c a l  S lo t .  J .  F l u i d  Mech., 
v o l .  23, p t  1 ,  Sept .  1965, p p .  77-98. 

t’ 

NUPZRICAL 

TICHY’ S 
(REF. 4) 

THEORY 
(REF. 4) 

THEORY 
PRESENT 

E 1 0 0 0  

-L-t----+ 
I 

FIGURE 1. - PHYSICAL SYSTEM. 

-5000 
0 ,011 .08 

y = - 0 . 1 7 9  I 
0 -08 

HORIZONTAL DISTANCE x 

FIGURE 2. - END VERTICAL M L O C I P l  PROFILES OF ANALYTICAL 
AND NUMERICAL RESULTS; Ra = 3 ~ 1 0 ~ .  y = S.179.  
E = 0 . 1 ,  Pr = 1 .  

18 



). 

w U 

2 
E 
n 

.5 

NUNERICAL (REF. 4) -I 
PRESENT --- 

THEORY 

a 

J E = 0.1 
Pr  = 1.0 
x = 5.0 

- .5  -600 L -400 -200 HORIZONTAL VELOCITY U 

FIGURE 3.  - CORE HORIZONTAL VELOCITY PROFILES OF ANALYTICAL 
AND NUMERICAL RESULTS. 

0 KAMOTANI ET AL.. E = 0.0625 
BEJAN ET AL.. E = 0.0625 

100 c 0 IMBERGER. E = 0,019 

50 

L 
a r 

10 

5 

FIGURE 4, - VELOCITY DISTRIBUTION ALONG 
THE CENTER LINE OF THE ENCLOSURE: 
P r  = 1. Ra = lo5, E = 1. 

0 KANOTANI ET AL.. E = 1.0 - PRESENT PREDICTIONS 

FIGURE 5 .  - NUSSELT NUMBER I N  THE BOUNDARY-LAYER REGIME. 
(E. REF. 6 . )  

FIGURE 6 .  - TEMPERATURE DISTRIBUTIONS I N  THE CORE 
REGIONS: E = 0.0625. Ra = 1 . 4 ~ 1 0 ~ .  Pr  = 6.4 .  
(WL. REF. 6 . )  

19 



(W\ N a ' o l a l  Aeronaullcs and Report Doc u men tat i o n Page 
1. Report No 2. Government Accession No. I NASA TM-100277 

j 4 Title and Subtitle 

19 Security Classif (of this report) 20 Security Classif (of this page) 

Uncl  ass i f i ed U n c l a s s i f i e d  

H igh  R a y l e i g h  Number C o n v e c t i o n  i n  R e c t a n g u l a r  
E n c l o s u r e s  W i t h  D i f f e r e n t i a l l y  Heated V e r t i c a l  
W a l l s  and Aspect  R a t i o s  Between Zero and U n i t y  

21 No of pages 22 Price' 

20 A 0  2 

7. Author(s) 

S iavash A .  Kassemi 

~ 

9 Performing Organization Name and Address 

N a t i o n a l  A e r o n a u t i c s  and Space A d m i n i s t r a t i o n  
Lewi s Research C e n t e r  
C l e v e l a n d ,  O h i o  44135-3191 

12. Sponsoring Agency Name and Address 

N a t i o n a l  A e r o n a u t i c s  and Space A d m i n i s t r a t i o n  
Washington, D.C. 20546-0001 

15. Supplementary Notes 

3. Recipient's Catalog No. 

5. Report Date 

A p r i l  1988 

6. Performing Organization Code 

8.  Performing Organization Report No. 

E-3838 

10. Work Unit No. 

674-24-05 
11. Contract or Grant No. 

13. Type of Report and Period Covered 

T e c h n i c a l  Memorandum 
14. Sponsoring Agency Code 

16. Abstract 

H i g h  R a y l e i g h  number c o n v e c t i o n  i n  a r e c t a n g u l a r  c a v i t y  w i t h  i n s u l a t e d  h o r i z o n -  
t a l  s u r f a c e s  and d i f f e r e n t i a l l y  heated  v e r t i c a l  w a l l s  has been a n a l y z e d  f o r  an 
a r b i t r a r y  a s p e c t  r a t i o  s m a l l e r  than or equa l  t o  u n i t y .  
c a l  s t u d i e s ,  a s y s t e m a t i c  method of s o l u t i o n  based o n  l i n e a r i z a t i o n  t e c h n i q u e  
and a n a l y t i c a l  i t e r a t i o n  procedure  has been deve loped t o  o b t a i n  approx imate  
c l o s e d - f o r m  s o l u t i o n s  for a wide range of a s p e c t  r a t i o s .  
and t e m p e r a t u r e  f i e l d s  a r e  shown t o  be i n  e x c e l l e n t  agreement w i t h  a v a i l a b l e  
e x p e r i m e n t a l  and n u m e r i c a l  d a t a .  

U n l i k e  p r e v i o u s  a n a l y t i -  

The p r e d i c t e d  v e l o c i t y  

17 Key Words (Suggested by Author@)) 

H igh  R a y l e i g h  number 
N a t u r a l  c o n v e c t i o n  
C o n f i n e d  e n c l o s u r e s  
V a r i a b l e  a s p e c t  r a t i o s  

18. Distribution Statement 

U n c l a s s i f i e d  - Unl i m i  t e d  
S u b j e c t  Category  34 


